If the universe is multiply connected and small the sky shows multiple images of cosmic objects, correlated by the covering group of the 3-manifold which represents the universe. It has been claimed that these correlations manifest as spikes in pair separation histograms (PSH) built from suitable catalogs. We prove that the spikes that may appear in a PSH are due only to translations, whereas other isometries manifest as slight deformations of the PSH corresponding to the simply connected case. As a consequence, if the universe is flat the spikes are not enough for determining its topology. Moreover, if the universe is hyperbolic, there are no spikes in PSH's, since there are no translations in hyperbolic geometry. It also emerges from our result that it may be more convenient to use small catalogs in the construction of PSH's rather than large ones. * german@cbpf.br † teixeira@cbpf.br ‡ reboucas@cbpf.br §
Introduction
Current observational data favor Friedmann-Lemaître (FL) cosmological models as approximate descriptions of our universe since the recombination time. These descriptions are, however, only local and do not fix the global shape of our universe.
Despite the infinitely many possibilities for its global topology, it is often assumed that spacetime is simply connected leaving aside the hypothesis, very rich in observational and physical consequences, that the universe may be multiply connected, and compact even if it has zero or negative constant curvature. Since the hypothesis that our universe has a non-trivial topology has not been excluded, it is worthwhile testing it (see [1] and [2] for a review and references).
The most immediate consequence of the hypothesis of multiple connectedness of our universe is the possibility of observing multiple images of cosmic objects, such as galaxies, quasars, and the like. Thus, for example, in the available catalogs of quasars the red-shifts range up to z ≈ 4 which, in the Einstein-de Sitter cosmological model, corresponds to a comoving distance d ≈ 3300 h −1 Mpc from us (h is the Hubble constant in units of 100 km s −1 Mpc −1 ). Roughly speaking, if our universe is small in the sense that it has closed geodesics of length less than 2d, some of the observed quasars may actually be images of the same cosmic object.
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More generally, the observable universe can be viewed as that part of the universal covering manifold M (t 0 ) of the t = t 0 space-like section M(t 0 ) of spacetime causally connected to us since the moment of matter-radiation decoupling (here t 0 denotes present time) while, given a catalog of cosmic sources, the observed universe is that part of the observable universe that contains all the sources listed in the catalog. So, for instance, using quasars as cosmic sources the observed universe for a catalog covering the entire sky is a ball with radius approximately half the radius of the observable universe (in the Einstein-de Sitter model). If our universe M(t 0 )
is small enough in the above-specified sense, then there may be copies of some cosmic objects in the observed universe, and an important goal in observational cosmic topology is to develop methods to determine whether these copies exist.
Direct searching for multiple images of cosmic objects is not a simple problem.
Indeed, due to the finiteness of the speed of light two images of a given object at different distances correspond to different epochs of its life. Moreover, in general the two images are seen from different directions. So we would have to be able to find out whether two images correspond to different objects, or correspond to the same object seen at two different stages of its evolution and at two different orientations.
The problem becomes even more involved when one realizes that observational and selection effects are also different for these images.
One way to deal with these difficulties is to use suitable statistical analysis applied to catalogs. Cosmic crystallography [3] is one such method and looks for distance correlations between cosmic sources in pair separation histograms (PSH),
i.e. graphs of the number of pairs of sources versus the squared distance between them. These correlations are expected to arise from the isometries of the covering group of M(t 0 ) that give rise to the multiple images, and have been claimed to manifest as sharp peaks, also called spikes [3] . Moreover, the positions and relative amplitudes of these spikes were claimed to be fingerprints of the shape of our universe [3, 4] .
In this work we prove that spikes in a PSH appear only due to the translations of the covering group of M(t 0 ), whereas all other isometries manifest themselves as slight deformations of the PSH corresponding to the simply connected case. As a consequence, if the universe is flat (Ω tot = 1), the spikes in PSH's will not be sufficient for determining its global shape, since there exist several euclidean 3-spaces that have the same translations in their covering groups. There is a second and more surprising consequence, namely, if the universe is hyperbolic (Ω tot < 1) then spikes will not arise in PSH's since there are no translations in hyperbolic geometry.
It also emerges from our main result that, contrary to what one might expect at first sight, it is more convenient for revealing the distance correlations to use small catalogs in the construction of PSH's, rather than large ones.
In the next section we describe what a catalog of cosmic sources is in the context of Robertson-Walker (RW) space-times, and introduce some relevant definitions to set our framework and make our paper as accurate and self-contained as possible.
In the third section we describe how to construct a PSH from a given catalog (either real or simulated), and discuss qualitatively how do distance correlations arise in a multiply connected universe. In the fourth section we discuss the concept of expected pair separation histogram (EPSH). The EPSH is essentially a PSH in which the statistical noise was withdrawn. We derive an expression for the EPSH that allows us to perform its analysis and computation in a very general topological-geometricalobservational setting.
In the fifth section we use the expression for the EPSH to derive our main result, namely that spikes are due to translations only. We also analyze how this result affects PSH's in euclidean and hyperbolic geometry. We find that spikes do not appear in PSH's from hyperbolic manifolds, whereas spikes in PSH's from euclidean manifolds are not sufficient to determine the topology. Finally we present a simple way to break these degeneracies by reducing the statistical fluctuations in PSH's so that contributions from non-translational isometries become visible. In the last section we present our conclusions and discuss further investigations.
Catalogs in multiply connected RW spacetimes
The spacetime arena for a FL cosmological model is a 4-dimensional manifold endowed with a Robertson-Walker (RW) metric which can be written locally as
where t is a cosmic time, dσ is a standard 3-dimensional hyperbolic, euclidean or spherical metric, and a(t) is the scale factor that carries the unit of length. It is usually assumed that the t = const spatial sections of a RW spacetime are one of the simply-connected spaces: hyperbolic (H 3 ), euclidean (E 3 ), or the 3-sphere (S 3 ), depending on the local curvature computed from dσ. Cosmic topology arises when we relax the hypothesis of simply connectedness and consider that the t = const spatial sections may also be any complete multiply connected 3-manifold of constant curvature (see [5, 6] ).
In what follows we will consider spacetimes of the form I × M, with I a (possibly infinite) open interval of the real line, and M a complete constant curvature 3-manifold, either simply or multiply connected. Actually, a RW spacetime is a warped product I × a M (see [7] ) in that, for any instant t ∈ I, the metric in M is dσ(t) = a(t)dσ. The manifold M equipped with the metric dσ(t) is denoted by M(t). M(t)
is called comoving space at time t; so when we talk about comoving geodesics or comoving distances at some time t, we are talking about geodesics of M(t) and distances between points in M(t). When a(t) = 1 we shall simply write M instead of M(t), and M instead of M (t) for its universal covering manifold.
To understand what a catalog of cosmic sources is let us assume that we know the scale factor a(t), and that it is a monotonically increasing function. We shall also assume that all cosmic objects of our interest (also referred to simply as objects) are pointlike and have lifetimes so long that none was born or death within the time interval given by I. Moreover, we shall also assume that all objects are comoving, i.e their worldlines have constant spatial coordinates. These assumptions were used implicitly in [3] and [4] and, although unrealistic, they are very useful for understanding how the method of cosmic crystallography works.
Since all objects are comoving their spatial coordinates are constant, thus the position of each object at any time obviously is its position at present time. So, the set of all the objects in M is given by a list of their present comoving positions, and from this set one can define a map
The set of objects is thus µ −1 (1). This is a discrete set in M(t 0 ) without accumulation points. Actually, for any map µ : M(t 0 ) → {1, 0}, such that µ −1 (1) is a discrete set without accumulation points, defines a set of objects, the set µ −1 (1).
We will further assume that the set of objects is a representative sample of some distribution law in M(t 0 ) and that this distribution law is widely distributed. The notion of a widely distributed distribution law can be rigorously formulated, but for our purposes it is enough to say that it gives rise to samples of points that are not concentrated in small regions of M(t 0 ).
Let π : M (t 0 ) → M(t 0 ) be the universal covering projection of M(t 0 ) and p be an object, i.e. p ∈ µ −1 (1). The set π −1 (p) is the collection of copies of p in M (t 0 ).
Each copy of p has also been called a clone, a ghost image, or simply an image of p. We will refer to these copies simply as images, thus the mapμ defined by the commutative diagram
gives the set of images in the universal covering M . Indeed, the images of the objects in M are the elements of the setμ
If M is simply connected then M and M are the same, and so there is exactly one image for each object. If M is multiply connected each object has several images, indeed an infinite number of images in the cases of zero and negative curvature.
Suppose that M is multiply connected, and let P ⊂ M (t 0 ) be a fundamental domain of M(t 0 ). P can always be chosen in such a way thatμ
is the boundary of P . If we consider the universal covering M(t 0 ) tesselated by P , then clearlyμ −1 (1) presents all the periodicities due to the covering group Γ, in the sense that in each copy gP of the fundamental domain, with g ∈ Γ, there is the same distribution of images as in P .
Now suppose we perform a full sky coverage survey for the objects up to a redshift cutoff z max . Since we are assuming that we know the scale factor, we can compute the distance R corresponding to this redshift cutoff and so determine the observed universe corresponding to this survey. The ball U ⊂ M (t 0 ) with radius R and centered at an image of our position is a representation of this observed universe. When M is multiply connected and the survey is deep enough the set O =μ −1 (1) ∩ U contains several images of some cosmic objects; a necessary and sufficient condition for this to be the case is that, for some fundamental polyhedron P , there are faces F and F ′ , identified by an isometry g ∈ Γ, and such that some portions E ⊂ F and g(E) ⊂ F ′ are in the interior of U.
The finite set O =μ −1 (1) ∩ U is the set of observable images since it contains all the images of cosmic objects which can in principle be observed up to a distance R from us. The set of observed images or catalog is a subset C ⊂ O, since by several observational limitations we can hardly record all the images present in the observed universe. Our observational limitations can be formulated as selection rules that allow us to describe how the subset C arises from O. These selection rules, together with the distribution law which the objects in M are assumed to obey, will be referred to as construction rules for the catalog C. Throughout this work we shall assume that catalogs can be described by well defined construction rules, and we shall say that two catalogs are comparable when they can be described by the same construction rules; even if they have a significantly different number of sources and correspond to different 3-manifolds.
Consider now the case when M is multiply connected. If U is large enough and our observational limitations allow the presence of multiple images in C, then the catalog has information on the periodicities due to the covering group Γ, and so, on the manifold M. Every pair of images of one object is related by an isometry of Γ. These pairs of images have been called gg-pairs [3] , but we shall call them Γ-pairs when referring to them collectively, leaving the name g-pair for any pair related by a specific isometry g ∈ Γ. The Γ-pairs in C give rise to correlations in the positions of the observed images. The main goal of any statistical approach to cosmic topology based on discrete sources is to develop methods to reveal these correlations. Cosmic crystallography is one such method, and uses PSH's to obtain the distance correlations which arise from these correlations in positions.
A remark is in order here, when M is simply connected to any cosmic object corresponds only one image, so images and objects are actually the same thing.
Since we do not know a priori whether our universe is simply or multiply connected, we do not know if we are recording objects or just images in real catalogs, so we say that a catalog is formed by cosmic sources.
Pair separation histograms
The purpose of this section is two-fold. First we shall give a brief description of what a PSH is and how to construct it. Then we shall describe qualitatively how do distance correlations arise in a multiply connected universe, paving the way for the statistical analysis we will perform in the next section.
To build a PSH we simply evaluate a suitable one-to-one function f of the distance r between the cosmic sources of every pair from a given catalog C, and then count the number of pairs for which these values f (r) lie within certain subintervals. These subintervals must form a partition of the interval (0, f (2R)], where R is the distance from us to the most distant source in the catalog; usually all the subintervals are taken to be of equal length. The PSH is just a plot of this counting.
Actually, what we shall call a PSH is a normalized version of this plot. The function f is usually taken to be the square function, whereas for very deep catalogs it might be convenient to try some hyperbolic function if we are testing open FLRW models.
In line with the usage in the literature and to be specific, in what follows we will take f to be the square function. However, it should be emphasized that the results we will derive hold regardless of this particular choice.
A formal description of the above procedure is as follows. Given a catalog C of cosmic sources we denote by η(s) the number of pairs of sources whose squared separation is s. Formally, this is given by the function
where, as usual, Card(∆ −1 (s)) is the number of elements of the set ∆ −1 (s), and ∆ is the map
Clearly, the distance d(p, q) between sources p, q ∈ C is calculated using the geometry one is concerned with. The factor 1/2 in the definition of η accounts for the fact that the pairs (p, q) and (q, p) are indeed the same pair.
The next step is to divide the interval (0, 4r 2 ] in m equal subintervals of length δs = 4R 2 /m. Each subinterval has the form
with center
The PSH is then obtained from
where N is the number of sources in the catalog C. The coefficient of the sum is a normalization constant such that
It should be stressed that throughout this paper we use normalized histograms instead of just plots of countings as in [3] and [4] . In doing so we can compare histograms built up from catalogs with a different number of sources. Note also that the sum in (3) As mentioned in the previous section, in a multiply connected universe the periodic distribution of images gives rise to correlations in their positions, and these correlations can be translated into correlations in distances between pairs of images.
For a better understanding on how these distance correlations arise let us consider the same example used by Fagundes and Gausmann [4] to clarify the method of cosmic crystallography. In their work they have assumed that the distribution of objects in M is uniform and the catalog is the whole set of observable images (these assumptions were also implicitly used in [3] ). In the euclidean 3-manifold they have studied, take a generic g-pair (p, gp) such that p = (x, y, z) and gp = (x − L, −y + 2L, −z).
The squared separation between these points is given by
From this equation we have the following: firstly, that the separation of any other neighboring g-pair 2 (q, gq) will be close to d. Secondly, several distant g-pairs are
separated by approximately the same distance. Thirdly, one has that not all gpairs are separated by the same distance (for the isometry used in this example, of course). Actually, the separation of a g-pair is independent of the pair only when the isometry is a translation. From this example we expect that correlations associated to translations will manifest as spikes in a PSH, whereas correlations due to other isometries would manifest not as spikes, but as slight deviations from the histogram due to uncorrelated pairs.
The distribution of cosmic objects may not be exactly homogeneous, nor any catalog will consist of all the observable sources. For instance, the objects may present some clustering or may obey a fractal distribution; while luminosity threshold and obscuration effects may limit our observational capabilities. We shall show in the following section that the consideration of these aspects does not destroy the above-described picture, inferred from general arguments and illustrated through an specific example.
The expected PSH
In this section we shall use elements from probability theory (see for example [8] )
to show that the above qualitative description of the distance correlations in a PSH holds in a rather general framework. We make clear that that this picture does not depend on the construction rules one uses to obtain a catalog.
Our basic aim now is to compute the expected number, η exp (s i ), of observed pairs of cosmic sources in a catalog C with squared separations in J i . Having η exp (s i ) we clearly have the expected pair separation histogram (EPSH) which is given by
We remark that the EPSH carries all the relevant information of the distance correlations due to the covering group since
where Φ(s i ) is the PSH constructed with C.
The expected number η exp (s i ) can be decomposed into its uncorrelated part and its correlated part as
where η 0 (s i ) is the expected number of observed uncorrelated pairs of sources with squared separations in J i , i.e. pairs of sources that are not Γ-pairs; and η g (s i ) is the expected number of observed g-pairs whose squared separations are in J i . Γ is the covering group Γ without the identity map, and the factor 1/2 in the sum accounts for the fact that, in considering all non-trivial covering isometries, we are counting each Γ-pair twice, since if (p, q) is a g-pair, then (q, p) is a (g −1 )-pair.
For each isometry g ∈ Γ let us consider the function
This function is a random variable, and using the construction rules we can calculate the probability of an observed g-pair to be separated by a squared distance that lies
The construction rules allow us to compute also the expected number N g of gpairs in a catalog C with N sources. Clearly in a catalog with twice the number of sources there will be 2N g g-pairs. Actually, N g is proportional to N so we write
with 0 ≤ ν g < 1.
The expected number of observed g-pairs with squared separation in J i is thus
given by the product of N g times the probability that an observed g-pair has its squared separation in J i ,
In order to examine uncorrelated pairs, we now consider the random variable
The probability of an observed uncorrelated pair (p, q) to be separated by a squared distance that lies in J i ,
can also be calculated from the construction rules. Thus, the expected number of observed uncorrelated pairs with squared separation in J i is
From (6) and (8), an explicit expression for the EPSH is thus
where the sum in (14) is a finite sum since ν g is nonzero only for a finite number of isometries. Note that if M is simply connected we have Γ = ∅, and the EPSH is
Thus, defining
we have a more descriptive expression for the EPSH, namely
From (17) it is apparent that the EPSH corresponding to a multiply connected manifold is the EPSH corresponding to its universal covering plus individual contributions from each covering isometry. It is also apparent from this equation that these latter contributions are inversely proportional to the number of sources in the catalog [actually proportional to 1/(N − 1) ], thus smaller catalogs will give rise to more enhanced signals corresponding to the isometries in their EPSH's. This does not necessarily mean that a PSH from a small catalog gives a clearer signal of multiply-connectedness than a PSH from a large catalog, since the former will have a much accentuated statistical noise. However, if one somehow reduces appreciably the noise in the PSH, the use of small catalogs is clearly more advantageous.
Further results
From eqs. (9) and (16) we note that when g is a Clifford translation (i.e. an isometry such that for all p ∈ M (t 0 ), the distance |g| = d(p, gp) is independent of p) we have
Thus for each translation we have a spike of amplitude ν g /(N − 1)δs at a well defined subinterval J i , and a subtracting term proportional to the EPSH of the universal covering over the whole interval (0, 4R 2 ]. It is easy to see also that when the separation of a g-pair depends on the pair, F g (s i ) will be non-zero for several subintervals J i ; so, from (17) we conclude that spikes in the PSH are due only to Clifford translations. We emphasize that this result is valid for all geometries and for any set of construction rules.
It emerges from this result that, since there are no Clifford translations in hyperbolic geometry [9] , there are no spikes in PSH's for hyperbolic manifolds. This is an unexpected result in that it has been claimed that spikes are the characteristic signature of topology in cosmic crystallography [3, 4] . Initial simulations performed by Fagundes and Gausmann [10] are in agreement with this theoretical result.
Let us now consider the particular case of euclidean manifolds. It is well known that any compact euclidean 3-manifold M is finitely covered by a 3-torus [5] . Let We can also anticipate that when g is not a translation, since the probabilities F g (s i ) are non-zero for several subintervals J i , the contribution of these isometries to the EPSH are in practice negligible for N ≈ 2000 as used in [3] and very small for N ≈ 250 as used in [4] . In both papers these contributions are hidden by statistical fluctuations and, thus, are not revealed by an isolated PSH.
From what we have seen so far it turns out that cosmic crystallography, as originally formulated, is not a conclusive method for unveiling the shape of our universe since (i) in the euclidean case the spikes will only tell us that spacetime is multiply connected at some scale, leaving its shape undetermined, and (ii) in the hyperbolic case as there are no translations (and therefore no spikes) it is even impossible to distinguish between any hyperbolic manifold with non-trivial topology from the simply-connected manifold H 3 . Improvements of the cosmic crystallography method are therefore necessary. In the remainder of this section we will briefly discuss a very first approach which refines upon that method.
We look for a mean of reducing the statistical fluctuations well enough to leave a visible signal of the non-translational isometries in PSH. The simplest (but perhaps non-practical) way to accomplish this is to use several small comparable catalogs, with approximately equal number of cosmic sources (N ≈ 100), for the construction of a mean pair separation histogram (MPSH). For suppose we have K catalogs C k (k = 1, 2, . . . , K) with PSH's given by
with N k = Card(C k ). The MPSH defined by
is, in the limit K → ∞, approximately equal to an EPSH. Actually, equality holds when all catalogs have exactly the same number of sources. Elementary statistics tells us that the statistical fluctuations in the MPSH are reduced by a factor of 1/ √ K. In a forthcoming paper [12] we will present simulations that show how this method works.
Conclusions and further remarks
In this work we have proved that spikes in a PSH appear only due to the translations of the covering group of the 3-space representing our universe, whereas correlations due to all other isometries manifest simply as slight deformations of the PSH of the corresponding simply-connected case. This result holds regardless of the distribution of objects in our universe, and of the observational limitations that constrain, for example, the deepness and completeness of our catalogs, provided they contain enough Γ-pairs to yield a clear signal.
As a consequence, if the universe is flat (Ω tot = 1), the spikes in PSH's will not be sufficient for determining its global shape, since there exist several euclidean 3-spaces that have the same translations in their covering groups. Moreover if the universe is hyperbolic (Ω tot < 1) then spikes will not arise in PSH's since there are no translations in hyperbolic geometry. So cosmic crystallography, as originally formulated, is not a conclusive method for unveiling the shape of our universe.
It also emerges from our main result that the signs of multiconectedness decrease with the number of sources in the catalog. This opens the door for a possible reformulation of cosmic crystallography to obtain a method capable of revealing the topology of the universe. This can be achieved by using several small comparable catalogs to construct a MPSH, thus eventually reducing the noise well enough for making observable the correlations due to non-translational isometries. A major drawback of this approach is the difficulty of constructing comparable catalogs of real sources.
Actually, any other mean of reducing the statistical noise may play the role of extracting all distance correlations instead of just those due to translations. So, a good approach is perhaps to study quantitatively the noise of PSH's in order to develop filters. Another scheme for extracting these correlations from PSH's is to modify the observed universe so that the signal would be enhanced. These ideas are currently under investigation by our research group.
The major drawbacks of all statistical approaches to look for the topology of our universe by using discrete sources are that they all assume that (i) the scale factor a(t) is known accurately, so we can compute distances from redshifts, (ii) all objects are comoving to a very good approximation, so multiple images are where they ought to be, and (iii) the objects have very long lifetimes, so there exist images of the same object at very different distances from us. These are rather unrealistic assumptions, and no method will be practical unless it gives up these premises. Our idea of suitably manipulating the observed universe seems to be powerful enough to circumvent these problems also.
